AMENABLE GROUPS AND ACTIONS

VINCENT DUMONCEL

In this short handout, we introduce the concept of amenability for actions and, as a
particular case, for groups. We present the first properties of such actions, as well as
examples of amenable and non-amenable groups.

1. MEANS ON A SET

To introduce and study amenability, we first need to define and understand means
on a set X.

Definition 1.1. A mean on a set X is a map u: P(X) — [0, 1] so that u(X) =1 and
U(A U B) = u(A) + u(B) for all disjoint A, B € P(X).

In other words, a mean on a set X is a finitely additive probability measure.

Remark 1.2. As for probability measures, there are several properties inherited from
the definition. We let the reader check that if i is as in the Definition [1.1}, it satisfies:

(1) u(0) =0.
(i) (A UB) = (A) + (B) ~ (AN B), for all A, B € P(X).

(iii) u( |_|A ) Z,U(A ) for all Ay, ..., A, € P(X).
=1
(iv) ,u(A) < u(B) for all A, B € P(X) such that A C B.

Given a set X, we will denote by M(X) the set of all means on X, and we see it as
a topological subspace of R”X). Moreover we endow R X) with the product topology,
also called the topology of point-wise convergence. Therefore a sequence (i, )nen Of
means converges to £ in R”X) if and only if y,(A) — u(A) in [0,1] c R, for all
A e P(X).

Example 1.3. Suppose X # () and choose x € X. The Dirac mass at x is defined as
1 ifxeA
0x(4) = {0 ifxgA’
for all A € £(X). One easily checks that §, € M(X).

For a while, Dirac masses will be our only examples of means on a set. To prove there
exists other means, more difficult to understand, we will establish some linear and
topological properties of M(X). Note for instance that M(X) is not a vector subspace
of R”X) | as it does not contain the zero function. It is also not closed under arbitrary
linear combinations because of the condition p(X) = 1.

Lemma 1.4. The set M(X) is convex.
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Proof. This is a straightforward check. Let u,7 € M(X) and 1 € [0, 1]. Since u(X) =
n(X) =1, we have (Au+ (1 - A)n)(X) =1+ (1 - A1) = 1. Likewise, if A,B C X are
disjoint, then
Au+1-1)n(AuB)=Au(AUB)+(1-1)n(ALB)
= (Ap+ 1 -1)n)(A) + (Au+(1-)n)(B)
using finite additivity of 4 and 7. This proves the claim. O
From the lemma, the next corollary is immediate.

Corollary 1.5. Any convex combination of means is a mean.

n n

Proof. A convex combination of means is of the form Z A; p; with Z Ai=1land y; €
i=1 i=1

M(X) for all 1 < i < n. We conclude using induction on n and Lemma m|

Let us now turn to topological properties. By definition, a basis for the product
topology on RP&X) ig given by all sets of the form
O1 X+ X0y, X l—[ R
P(X)\{A1,...,An}
where O4, ...,0, are open sets of R and Aq,...,A, € P(X). A subbasis is therefore
given by

{Ox 1_[ R : OcR open, AEP(X)}.
P(X)\{A}

The complement of an open set of this form is (R \ O) X l—[ R. Hence we can
P(X)\{A}
construct closed subsets of R”X) by fixing finitely many A, ..., A, € P(X), choosing
any closed subset C c R{41--4r} ~ R" and considering
Cx 1_[ R.
P(X)\{A1,...,A,}
This observation makes a lot easier the proof of the following fact.

Proposition 1.6. The space M(X) is compact for the product topology on R¥X).

Proof. Firstly, note that in fact M(X) c [0,1]”® and the latter is compact by Ty-
chonoffs theorem. It is thus enough to prove that M(X) is closed in [0,1]”X). By
expanding the definition, we have

MX) = {p e [0,1]"%: u(X) = 1, p(AUB) = u(A) + u(B) VA, B € P(X)}

={pe[0,1]”® : ux) =1}

N M {ue [0,1]"%) : u(AuB) =u(A)+u<B)}.
A,BeP(X), ANB=0

All sets in this writing of M(X) are closed by the observation above: the first one
corresponds to the choice A; = X, C = {1}. The second one, for A and B fixed with
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ANB = 0, correspondstoA; = A, Ay = B, A3 = ALIBand C = {(x,y,2) € R? | x+y = z}.
Therefore M(X) is closed in [0, 1]”®) as an intersection of closed sets. This concludes
our proof. O

Recall that if (x,),cn 1S a sequence in a topological space X, it has an accumulation
point y € X if for every open set U C X with y € U and for every N € N, there exists
n > N sothat x, € U. Recall furthermore that if X is a compact topological space, then
any sequence has an accumulation point. Indeed, suppose that (x,),cn 1S a sequence
with no accumulation point in X. Then for any y € X there is an open subset U, with
y € U, and containing only finitely many terms of the sequence (x,),en. The collection
{U,},ey is then an open covering of X, and by compactness there exists y1,...,y, € X
with X c U,, U---UU,, . This implies that our sequence (x,),cn contains only finitely
many terms, a contradiction.

Though we must be careful. In a compact topological space a sequence does not
have necessarily a convergent subsequence. Topological spaces with this property
are called sequentially compact, and are usually not compact. However, sequential
compactness is equivalent to compactness for metric spaces, and more generally for
metrisable spaces.

2. FIRST EXAMPLES OF AMENABLE GROUPS

Now is the time for defining amenable groups and actions.

Definition 2.1. Let G be a group and X a set. An action G ~ X is called amenable if
there exists u € M(X) so that u(gA) = u(A) for A € P(X) and all g € G.

When such a y exists, we call it a left invariant mean.

Definition 2.2. A group G is amenable if the left multiplication action of G on itself
is amenable.

That is, a group G is amenable if there exists u € M(G) so that u(gA) = u(A) for
all A € G and g € G. As an exercise, show that if such a left invariant mean exists,
then G also has a right invariant mean.

Here is our central example of an amenable action.

1
Example 2.3. Let G be a group, and X # () a finite G—space. Let u := m Z O, and

xeX
fixg €G. As 6,(gA) = 6,51,(A) forall A C X and x € X, p is a left invariant mean:

1 1 1
p(gA) = m;((?x(gA) = mxeréglx(A) = m;{agum = u(A).

This proves that G ~ X is amenable. Note that no assumption on G is required.
Corollary 2.4. Finite groups are amenable.
Proof. If G is a finite group, it suffices to apply Example[2.g with X = G itself. |

Let f: X — Y be any map. It induces a map f,.: M(X) — M(Y) defined as
fo(u)(A) == p(f1(A)) for all 4 € M(X) and A € P(Y). Hence an action G ~ X
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automatically induces an action G ~ M(X), and one can restate Definition as
follows: G ~ X is amenable if M(X)% # 0, where

MX)% :={pe M(X):Vg €G, gu=p}
stands for the set of fixed points of the action G ~ M(X).

Remark 2.5. Let f/: X — Y. For the product topologies on M(X) c R¥&X) and
M(Y) c RPY) £, is continuous. Indeed, if O x l_[ R is an element of the subbasis

P(Y)\{A}
for the topology on M(Y), with O C R open and A € P(Y), we have

f*_l(OX [R):{,ueM(X) : fo(p) € O X 1—[ [R}

P(Y)\{A}
={ue M(X) : fi(n)(A) € O}
={ue M(X) : u(f'(A)) €0}
=0 X 1_[ R
PEO\f1(A)}
which is open in M(X). This shows that f, is continuous as claimed. Moreover, f.

preserves convex combinations, in the sense that £, (A u+(1-1)n) = Af.(©)+(1-1)f(n7)
for all y,n € M(X) and all 1 € [0, 1].

P(Y)\{A}

A
Explicitly, for a finite group G, u(A) = % is a left invariant mean. The next result

gives an example of an amenable group without any explicit formula for an invariant
mean.

Theorem 2.6. The group Z is amenable.

1 n
Proof. For n > 1, consider yu, := — Zéj. By Corollary [r.5, t, € M(Z) for every

n

j=1

n > 1. By Proposition M(Z) is compact, so (i,)n>1 has an accumulation point
u € M(Z). We now prove u is a left invariant mean for the action Z ~ Z, i.e. we
must show that gu = u for all g € Z. Writing Z = (u) multiplicatively, it is enough to
prove that uu = p. First, note that if A C Z, then

_ 1 ifjeutA (1 ifuj=j+1cA
(A) =68:(utA) = = =0:.1(A

n+l

so that ud; = 6,,1. It follows that vy, = — Z 0;, and thus up, — pt, = %((5%1 - 01)

n

j=2

for all n > 1. This implies that

(2.1) Uy, — Uy — 0

asn — oo, in RP@_ 1f up # |, we can separate them by disjoint neighbourhoods U
and V (because R”?) is Hausdorff, as a product of Hausdorff spaces). Since U 1s an
accumulation point of (1, ),en and up is an accumulation point of (u i, ),en, We can
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find infinitely many terms of the sequence (u,)nen in U and infinitely many terms of
(utn)nen in V. Since they are disjoint, this contradicts (2.1). Thus up = u, and this
finishes the proof. ]

Remark 2.7. The fact that vy is an accumulation point of (u ), follows from the
continuity of

$u: M(Z) — M(Z)
Hr—ul
and the continuity of ¢, follows from Remark [2.5]
Asrecalled above, for general topological spaces compactness is not necessarily equiv-
alent to sequential compactness, and indeed the sequence (u,,),>1 involved in the above
proof does not have a convergent subsequence, although M(Z) is compact. Suppose for

a contradiction that (u,,)ren is such a subsequence, and denote p € M(Z) its limit.
Forr > 1,let A, :={-r,...,r}. Then

1 ifnp<r
:unk(Ar) = {L

ng

which tends to 0 as £ — oo. It implies that u(A,) = klim tn, (A;) = 0forall r > 1. This

ifn, >r

forces pu(Z) = 0, which is absurd. In particular, M(Z) is not sequentially compact,
and therefore not metrisable either, nor second countable.

3- FREE ACTIONS AND AMENABILITY

We prove here our first stability result about the class of amenable groups: it is
closed when taking subgroups. The next lemma is the first step in that direction.
Recall that aset map f: X — Y between two G—sets is called a G—map if it commutes
to the action of G, i.e. if f(gx) = gf (x) for all g € G and x € X. Note that compositions
and inverses of G—-maps are G—maps as well.

Lemma g.1. Let X,Y be two G—sets, and f: X — Y bea G—-map. If G ~ X is
amenable, then G ~ Y is amenable.

Proof. Recall that f: X — Y induces f.: M(X) — M(Y). Since G ~ X is
amenable, there exists u € M(X)?. We then prove that f.(1) € M(Y) is a fixed
point for the action G ~ M(Y). Since f is a G—map, one has gf.(u) = f.(gu) for all
g € G (check!), and it follows that

gfs(u) = fi(gu) = fu(p)

for all g € G since p i1s G—invariant. This finishes the proof. |
This result implies that an amenable group always acts amenably.
Corollary g.2. If G is amenable, then any action G ~ X with X # () is amenable.

Proof. Since X # (), choosexg € X. Themap f: G — X, f(g) := gx¢ is a G—map, and
the action G ~ G is amenable by hypothesis. Lemma [3.1]implies then that G ~ X is
amenable, as claimed. i
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We now wish to determine whether the converse is true, i.e. if a group acts amenably
on a non-empty set, is the group amenable? In fact, it is not hard to see that with no
further assumption, this statement is false. It suffices to consider for instance an
action of a non-amenable group (an example of such a group will be provided in the
next section) on a finite set. Such an action is amenable by the Example

Definition 3.3. A group action G ~ X is free if Stabg(x) = {e} for all x € X.

With words, a group action is free if it has no fixed points, i.e. X = 0. It turns out
it is a sufficient condition to ensure amenability of the acting group.

Proposition 3.4. If G ~ X is an amenable free action, then G is amenable.

Proof. Let G ~ X be an amenable free action, and let R c X be a set of representa-
tives of the G—orbits: we choose exactly one representative per orbit.
We define

[:GXR — X

(g,r) —— gr
Since R is a set of representatives, and since orbits form a partition of X, f is surjective.
In fact, it is also injective. If (g,r), (g’,r") € G X R are such that gr = g’r’ then
(g")"'gr =r', sor and r’ are in the same orbit, and so r = r’ since we chose one element
in each orbit. But this implies (g’) 'gr = r, which means (g’) g € Stabg(r) = {e}.
Thus g = g/, and f is injective. Now we consider G X R as a G—set with the left

multiplication action on G and the trivial action on R. For this actionon G X R, f is a
G—map, since

Vy € G, V(g,r) e GXR, f(y(gr)=f(rgr)=(ygr=v(gr) =yf(gr).
We have almost all ingredients to apply Lemma [3.1], but f goes in the wrong direction.
We then consider its inverse f™': X — G x R, which is a G—map. Likewise, the
projection pg: GXR — G is a G—map. Therefore the composition pgof~': X — Gis
a G—map. Since G ~ X is amenable, Lemma (3.1 applies, and G ~ G is an amenable
action, which means exactly that G is amenable. O

This result is the key statement to conclude on amenability of subgroups of amenable
groups.

Corollary 3.5. Let G be an amenable group. Then any subgroup of G is amenable.
In particular if G contains a non-amenable subgroup, then G is not amenable.

Proof. Suppose G is amenable, and let H < G. Choose 1 € M(G)®. In particu-
lar, u € M(G)H so that the action H ~ G by left multiplication is amenable. It is
straightforward to check that this action is free. Thus H is amenable by Proposition

O
4. FREE GROUPS ARE NOT AMENABLE

In this section we construct the simpliest example of an infinite family of non-amenable
groups.

Let S be any set. The free group on S, denoted Fg, is the unique group satisfying the
following universal property: for any group G, for any map f: S — G, there exists a
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unique group homomorphism fi : Fs — G extending f. In other words, there exists a
unique group homomorphism f making the following diagram commute:

s——a

L

Here (: S — Fg 1s the natural inclusion of S in Fg.

Remark 4.1. The free group Fg depends only on |S|, up to isomorphism. We will write
Fyif |S| =d.

Note that Fj is the trivial group, and F; is infinite cyclic, so F; = Z. Forn > 2, F,, is
not abelian. Free groups play a central role in group theory, and more details on their
construction and properties can be found in [[1} [2l. One particularly important result
about them is the so called Nielsen-Schreier theorem, stating that any subgroup of a
free group 1s free.

For us free groups provides the other part of the spectrum, opposite to finite groups
and Z, as they are not amenable.

Theorem 4.2. The group Fs is not amenable.

Proof. Suppose for a contradiction that there exists a left invariant mean u on Fs.
Write Fo = {e} LA, UA_U B, LIB_, where A, (resp. A_) consists of reduced words
starting with an a (resp. a™!) and B, (resp. B_) consists of reduced words starting
with a b (resp. b1). Since the second letter of an element of A, can be an a, a b or a
b~!, multiplying this element by a ! produces an element either of A, B, or B_. Then

a_1A+ = {e} L A+ LI B+ [ B_.
Properties of ¢ then imply

#(Ay) = p(a™'Ay) = u({e} UA, UB, UB_) = u({e}) + u(Ay) + u(By) + u(B-)

and erasing u(A,) of both sides leaves us with u({e}) + u(B;) + u(B-) = 0. Since
U takes positive values, this forces y({e}) = u(B;) = u(B-) = 0. Likewise, we get
U(A;) = u(A-) = 0. We conclude that

1=pu(Fz)=p({efUA,UA_LUB,UB.)

= pu({e}) + p(Ay) + u(A-) + u(By) + p(B-)
=0

which is absurd. Therefore such a y cannot exist. O
Corollary 4.3. For any d > 2, Fj is not amenable.

Proof. As Fg4 contains Fy for any d > 2, and the latter is not amenable, Corollary [3.5|
gives the conclusion. O

Remark 4.4. The converse of Corollary 3.5is not true: consider for instance the non-
amenable group G = F3 = {(a, b|0) with the amenable subgroup H = (a) = Z.
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It is then a first sufficient criterion to establish the non-amenability of some discrete
groups: prove that the group in question contains a subgroup isomorphic to Fy. The
main standard result to achieve this is the following, usually known as the Ping-Pong
Lemma.

Lemma 4.5. Let G be a group acting on a non-empty set X. Let 'y, I's < G be subgroups
of G such that |I'1| = 3, |I'e| > 2. Suppose there exists disjoint non-empty subsets Xi,
Xy C X such that

V}/E Fl\{e}, )/-Xg CXl and V)f S Fz\{e}, )/'Xl CXQ.
Then the subgroup T := (I','9) is free in G.

Proof. We just need to check every reduced word w = y;...y, € I' is not the trivial
word. For this we distinguish several cases.

(2) The length n of w is odd and ¥4, 7, € I';. Since Xo # 0, we pick x € X. By
hypothesis, y, - x € X1, S0 ¥5-1 - ¥n - x € Xo (note that y,—1 indeed lie in I'y, otherwise
our initial word w was not reduced). Continuing this process, we finally arrive at
Y2...Ynx € Xo since n — 1 is even. Hence, by applying our hypothesis once more, we
getw-x =7y1(y2...Ynx) € X1. As X; and X, are disjoint we then have wx # x, so w
cannot be the trivial word.

(z7) The length n of w is odd and y; € I'g, ¥, € I's. Here we can choose y € I'; and
consider the word ywy~!. It has odd length and first and last letter in I';. By (i), we
then know ywy ™! # e, which implies w # e.

(7i7) The length n of w is even and y; € I'y, ¥, € I's. We pick ¥y € I'; and we
consider ywy~!. By reduction its first letter is then yy; € Iy, while its last letter is
just y™1 € T'y. Thus ywy ™! has odd length, and first and last letter in I';. We may
apply (i) to get ywy ™! #e,sow #e.

(zv) The length n of w is even and y; € I'g, 7, € I'1. As before we choose an arbitrary
y € T'; and we look at ywy . It has odd length after reduction, and its first and last
letter lie in I';. Hence w # e. This concludes the fourth case, and also our proof. |

Example 4.6. Consider the action of SLy(Z) on the plane R2, and the two matrices

1 2 10
)
Observe that by setting

x={[5) e” st if, o= { 7] €R? < i <ol

we obtain AXy C X7 and BX; C Xs. Indeed if we take x, y € R with |x| < |y| and we
let A act on the vector formed by x and y the result is a vector whose components are
x + 2y and y. Using the second triangle inequality we see that

lx +2y| > [|2y] - |x[| = |2y] = |x[ > 2]y| = [y] = |yl
meaning the vector we got falls in X;. The arguing is the same for BX; C X,. Of course
X1 and X are non-empty and disjoint, so we may apply Lemma with I'1 := (A)
and I'y := (B). Both are infinite because A and B have infinite order. Hence (A, B)

is a free group in SLy(Z), namely a non-abelian free group on two generators Fy. It
follows that SLy(Z) is not amenable.
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